We consider Lorentzian wormholes supported by a phantom field and threaded by non-trivial Yang-Mills fields, which may be regarded as hair on the Ellis wormhole. Like the Bartnik-McKinnon solutions and their associated hairy black holes, these hairy wormholes form infinite sequences, labeled by the node number k of their gauge field function. We discuss the throat geometry of these wormholes, showing that odd-k solutions may exhibit a double-throat, and evaluate their global charges. We analyze the limiting behavior exhibited by wormhole solutions as the gravitational coupling becomes large. The even-k solutions approach smoothly the Bartnik-McKinnon solutions with k/2 nodes, while the odd-k solutions develop a singular behavior at the throat in the limit of large coupling. In the limit of large k, on the other hand, an embedded Abelian wormhole solution is approached, when the throat is large. For smaller throats the extremal Reissner-Nordström solution plays a fundamental role in the limit.
Introduction
The discovery of a sequence of spherically symmetric solutions of SU(2) Einstein-YangMills theory by Bartnik and McKinnon [1] came as a surprise, since the very existence of globally regular solutions was unexpected. These Bartnik-McKinnon solutions are asymptotically flat, and they are characterized by the node number k of their purely magnetic gauge field.
To every regular spherically symmetric Bartnik-McKinnon solution there exists a corresponding family of black hole solutions with regular event horizon [2, 3, 4] . Since these black hole solutions possess non-trivial non-Abelian fields outside their event horizon, they represent counterexamples to the "no-hair" conjecture. They are hairy black holes carrying Yang-Mills hair.
Instead of black holes we here consider wormholes and address the question, whether we can endow these wormholes in a similar way with Yang-Mills fields, and thus with hair. The counterpart of the Schwarzschild solution, which corresponds to the hairless solution in the case of the hairy black holes, will now be the Ellis wormhole [5, 6, 7] , while the hairy wormholes will have non-trivial non-Abelian fields threading their throat.
The Ellis wormhole is based on the presence of a phantom field, i.e., a scalar field with a reversed sign in front of its kinetic term [5, 6, 7, 8, 9] . Such a phantom field provides the required violation of the energy conditions, necessary to obtain traversable wormholes in Einstein gravity [10] . Nowadays phantom fields are ubiquitous in cosmology, since they could explain the observed accelerated expansion of the Universe [11] .
Wormholes with phantom fields have been studied in numerous respects (see e.g. [12] ), including the presence of wormholes inside stars and neutron stars [13, 14, 15] , or the study of their shadow [16, 17] . However, wormholes can also be obtained without phantom fields by allowing higher curvature terms in the action [18, 19, 20, 21, 22, 23, 24] or by coupling matter non-minimally to Einstein gravity [25, 26] .
In fact, wormholes with non-minimally coupled Yang-Mills fields were constructed in [25] . But these solutions possess only a simple Wu-Yang type gauge field. Thus they correspond to wormhole solutions carrying magnetic charge. The possibility of finding sequences of wormholes threaded by genuine non-Abelian fields was not explored, however. Instead, black wormholes were introduced, whose throat is hidden behind an event horizon.
The wormholes we consider here also allow for charged Wu-Yang type solutions. These correspond to embedded Abelian solutions, where the gauge field function is identically zero. When the gauge field is pure gauge, on the other hand, the Ellis wormhole is recovered. Our interest focusses, however, on wormholes with non-trivial gauge field functions, which can be labeled by a node number k, and we consider only symmetric wormholes.
In particular, we analyze the behavior of odd-k and even-k wormholes, and demonstrate that the even-k solutions approach smoothly the Bartnik-McKinnon solutions, when the gravitational coupling tends to infinity. In contrast, the odd-k solutions ex-hibit a singular behavior in this limit in the vicinity of the throat, while outside the throat region they also approach Bartnik-McKinnon solutions (for k > 1). We also discuss the limit k → ∞, where the analogy with hairy black holes becomes particularly apparent.
The paper is organized as follows. In section 2 we discuss the action, the Ansätze and the equations of motion. We analyze the wormhole properties and discuss the violations of the energy conditions. Moreover, we briefly recall the exact Ellis wormhole and discuss the exact charged Abelian wormhole. In section 3 we present our numerical results. We first discuss the probe limit, and then present the gravitating solutions. In particular, we discuss the solutions themselves, their throat geometry, their global charges, and their dependence on the coupling constant. Subsequently, we discuss the limiting behavior of the wormholes for large coupling and for large node number. We end with our conclusions in section 4.
2 The model
Action and field equations
We consider Einstein gravity coupled to a phantom field and an SU(2) Yang-Mills field. The action
consists of the Einstein-Hilbert action with curvature scalar R, Newton's constant G, and the determinant of the metric g, and of the respective matter contributions. There are the Lagrangian of the phantom field φ
and the Yang-Mills Lagrangian
with field strength tensor F µν
and Pauli matrices τ a . Note, that the gauge coupling constant is set to one. Variation of the action with respect to the metric leads to the Einstein equations
with gravitational coupling constantᾱ = 8πG and stress-energy tensor
where
Variation with respect to the matter fields leads to the gauge field equations
, and the phantom field equation
Ansätze
To construct static spherically symmetric wormhole solutions we employ the line element
where dΩ 2 = dθ 2 + sin 2 θdϕ 2 denotes the metric of the unit sphere, while A and N are functions of η, and
is an auxiliary function. We note, that the coordinate η takes positive and negative values, i.e. −∞ < η < ∞. The limits η → ±∞ correspond to two distinct asymptotically flat regions. The Ansatz for the SU(2)-gauge potential is chosen as for the globally regular Bartnik-McKinnon solutions. The gauge potential has vanishing time component, A 0 = 0, and the spatial components involve the Pauli matrices and a single profile function K(η)
The phantom field φ depends only on the coordinate η, as well. Substitution of these Ansätze into the Einstein equations leads to
for the tt, ηη and θθ components, respectively, and the prime denotes differentiation with respect to η. Substitution into the matter equations yields
The last equation can be integrated
where the constant D is a measure for the scalar charge of the phantom field. Consequently, we can eliminate the phantom field from the Einstein equations, employing the substitution φ ′2 = (D/Af N) 2 . Let us now introduce dimensionless quantities
By subtracting Eq. (14) from Eq. (13) and from Eq. (15) we obtain our final set of equations, which has the form
where the prime now denotes the derivative with respect to the dimensionless coordinate x. We employ the condition D = const to monitor the quality of the numerical solutions.
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Wormhole throats
In the following we consider only wormholes with a metric that is symmetric under x → −x, and with symmetric or antisymmetric matter field functions. To discuss the wormhole geometry we introduce the shape function of the wormhole R(x), where
R may be considered as a circumferential radial coordinate. Asymptotically, the shape function should tend to the modulus of x to guarantee asymptotic flatness of the wormholes. On the other hand, the shape function should not possess a zero to yield a wormhole solution. Therefore R(x) should possess at least one minimum, where it is positive and where its derivative vanishes. Because of the assumed symmetry of the wormholes, x = 0 should be an extremum, i.e., R ′ (0) = 0, and we may choose R(0) = 1, i.e.,
If R(x) has a minimum at x = 0, then x = 0 corresponds to the throat of the wormhole. If on the other hand R(x) has a local maximum at x = 0, then x = 0 corresponds to an equator. In that case, the wormhole will have a double-throat surrounding a belly. Such double-throat solutions were found before in wormholes threaded by chiral fields [27] .
To find out, whether we are dealing with a single throat or a double-throat, we consider the condition for a minimum of the function R
using Eq. (25) . Evaluating now Eq. (20) at x = 0 and inserting this expression for N ′′ (0) into Eq. (26), we obtain
Thus there is a critical value of α,
such that for α < α cr wormholes have a single throat, whereas for α > α cr wormholes have a double-throat. For wormholes with an odd number of nodes, the gauge field function must vanish at x = 0, i.e., for all odd k the critical value is α cr = 1.
Wormhole geometry
The shape of the wormhole can be visualized with the help of embedding diagrams. To that end we consider the metric at fixed t and θ = π/2 and embed it isometrically in Euclidean space
which allows to evaluate z(x),
Boundary conditions
To obtain globally regular solutions, which are asymptotically flat and possess a finite mass, we must make an appropriate choice for the six free boundary conditions. There are three singular points, where boundary conditions may be imposed. These are the position of the center of the wormhole x = 0, and the asymptotic infinities x = ±∞.
For the metric functions we choose the boundary conditions
We may also choose N ′ (0) = 0 instead of A ′ (0) = 0. The remaining conditions for asymptotic flatness, A(−∞) = 1 and N(±∞) = 1, are satisfied automatically.
For the gauge field function we impose asymptotically the same boundary conditions as for the Bartnik-McKinnon solutions, i.e.
and supplement these with a condition at the center of the wormhole
Energy conditions
Since violation of the null energy condition (NEC) implies violation of the weak and strong energy conditions, we here focus on the NEC, which states that
for all (future-pointing) null vector fields k µ . Employing the Einstein equations, this condition can be expressed for spherically symmetric solutions as
If one or both of the above conditions do not hold in some region of spacetime, then the null energy condition is violated. This is the case for all solution studied. 
Wormhole properties
The area of the throat A th is determined by
For a single throat wormhole the throat is located at η th = 0. The area of the throat is then given by
Thus for fixedᾱ and increasing α the throat shrinks in size. For a double-throat wormhole, on the other hand, η = 0 corresponds to the location of a maximal surface, while the locations of the two throats ±η th depend on the node number and the coupling constant α. The surface gravity κ at the throat is determined via
where ξ µ is the timelike Killing vector field, i.e., for the metric Ansatz (10)
Symmetric wormholes with a single throat have vanishing κ, for double-throat wormholes κ is finite, however. The mass of the wormhole solutions can be read off the metric function A at infinity,
i.e., the mass parameter µ is given by
Alternatively, one can use the Komar integral to obtain the mass
where Σ is a spacelike hypersurface (η th ≤ η ≤ ∞), n ν is a normal vector on Σ, dV is the natural volume element on Σ, and M th denotes the contribution of the throat to the mass M th = κA th 4πG .
M th contributes only for double-throat wormholes. The scalar charge D determines the asymptotic behavior of the phantom field and is obtained from Eq. (23) . A gauge invariant definition of the non-Abelian magnetic charge is given in Ref. [28, 29] 
where the integral is evaluated at spatial infinity, yielding P = 0 for the hairy wormholes. 8
Exact solutions
The model has exact wormhole solutions. The first exact solution corresponds to the Ellis wormhole. Here the metric functions are constant, the gauge field vanishes, and the phantom field is an elementary function
where we choose the integration constant φ 0 = −Dπ/2. This solution represents the analogue of the Schwarzschild solution for black holes, since no gauge field is present. Clearly, the Ellis wormhole is massless. The second exact wormhole solution carries charge. Here the gauge field corresponds to the Wu-Yang monopole, i.e., the gauge potential is given by Eq. (12) The U(1) charged wormholes were presented in [30] . Based on the line element
the symmetric wormhole solutions are given by [30] 
where ξ = 1 b arctan(r/b), and the constant λ and b obey the condition
Thus the range of λ is restricted to 0 ≤ λ < 1. The areal radius of the throat is R = be
. To compare with Yang-Mills wormhole solutions with R = η 0 the constants should obey the condition
Together with Eq. (49) this yields
We observe, that in the limit α → 1 both b and λ tend to zero, while the ratio λ/b tends to one. For later comparison with the non-Abelian wormhole solutions we also evaluate the metric functions A and N of these Abelian wormhole solutions and exhibit them in The range of existence of these Abelian wormhole solutions is 0 < α < 1. When α → 1 the solutions become singular in these coordinates.
To identify the limiting solution obtained for α → 1 let us transform to the Schwarzschild-like coordinate R with line element
Comparison with Eq. (10) yields
and the extremal Reissner-Nordström is given by
The metric functions g RR and g tt of the Abelian wormhole solutions are exhibited versus R in Fig. 1(b) for the same set of values of α. Here we see that both functions approach the same limiting function, when α → 1. This limiting function is the metric function of the extremal Reissner-Nordström solution with unit charge outside the event horizon, also shown in the figure. Thus the family of Abelian wormhole solutions ends in an extremal black hole solution.
Considering the global charges of these wormhole solutions, one obtains the dimensionless mass µ from the asymptotic expansion of the function e d . With condition (49) this yields for the scaled dimensionless mass
This implies 0 ≤ µ √ α < 1. The scaled scalar charge is given by
and the magnetic charge by P = 1 .
Results
Let us now discuss the results of the numerical integration of the system of ordinary differential equations, Eqs. (20)- (22), subject to the boundary conditions (32)- (34) . After a brief discussion of the numerical technique we present wormhole solutions for node numbers k = 1, ..., 6 and discuss their properties. Subsequently, we consider the limit α → ∞ for odd-k and even-k solutions, as well as the limit k → ∞ for fixed α.
Numerical method
In the numerical calculations we take units such thatᾱ = 8πG = 1. and employ a collocation method for boundary-value ordinary differential equations, equipped with an adaptive mesh selection procedure [31] . Typical mesh sizes include 10 2 − 10 3 points. The solutions have a relative accuracy of 10 −6 .
Probe limit
Let us begin our discussion with the probe limit of the wormhole solutions, obtained in the limit of vanishing α. In this case the Yang-Mills field does not contribute in the Einstein equations, and the metric becomes the metric of the Ellis wormhole, i.e. A = 1, N = 1, and the value of η 0 determines the radius of the throat. The Yang-Mills equation then simplifies to
In contrast to the flat space limit, where η 0 = 0, this ordinary differential equation (ODE) possesses nontrivial solutions. The Yang-Mills equation (58) is solved numerically in the background of the Ellis wormhole. For any value of η 0 > 0, a sequence of globally regular solutions is found, labelled by the node number k of the gauge field function K. The gauge field function K for the solutions with k = 1, ..., 6 nodes and throat size η 0 = 1 is exhibited in Fig. 2 . 
A sequence of non-Abelian wormhole solutions
Let us now take the backreaction of the gauge field on the metric into account and consider the full system of coupled Einstein-Yang-Mills-scalar equations. We recall that for a vanishing gauge potential, i.e., K(x) = 1, the Ellis wormhole is obtained, whereas for the constant gauge field function K(x) = 0 the gauge potential corresponds to the Wu-Yang monopole, and an embedded Abelian wormhole with unit charge is obtained.
As we increase the coupling constant α from zero, for each node number k a family of wormhole solutions emerges smoothly from the corresponding solution found in the probe limit. This is seen in Fig. 3 , which exhibits the gauge field function K(x) for non-Abelian wormhole solutions with k nodes, k = 1, ..., 6, obtained for α = 0.5, 1, 2 and 10.
The odd-k solutions have K(0) = 0 and K ′ (0) = 0. For α = 1 they correspond precisely to the solutions at the critical value α cr , where the throat is degenerate in the sense, that for smaller values of α there is a single throat at x = 0, whereas for larger α there are two symmetric throats at ±x th with an equator inbetween at x = 0. The even-k wormhole solutions have K(0) = 0 and K ′ (0) = 0. Taking into account Eq. (28), we note that the even-k solutions have always α < α cr and thus possess always only a single throat.
We exhibit in Fig. 4 the metric functions A(x) and N(x) for the wormhole solutions with k nodes, k = 1, ..., 6, and with α = 1. Both metric functions are symmetric functions. At x = 0, the metric function N(x) always assumes its maximal value of one. The two symmetrically located minima of N decrease with increasing node number k. The metric function A(x) has its single minimum at x = 0. For large node numbers, A(x) is a rather flat function in the vicinity of the throat. To visualize the shape of the wormholes, we exhibit in Fig. 5 embedding diagrams, showing the throat region for the k = 1 wormhole in 5(a) and for the k = 6 wormhole in 5(b). While the areal radius R and thus the area of the throat A th is the same for both, A th = 4πη 2 0 , the throat region becomes elongated with increasing node number k, i.e., close to the throat z(η) increases faster with η for the larger k.
Wormhole properties
Let us now consider the physical properties of the wormhole solutions. Physical quantities of interest at the throat are the area of the throat A th and the surface gravity at the throat κ. To be able to exhibit these quantites over the full range of the coupling constant α, we here consider the dependence on the compactified coupling constant 
α/(1 + α).
We exhibit in Fig. 6 (a) the scaled throat area A th /4πη 2 0 . Clearly, the scaled throat area remains constant as long as the throat is located at η = 0. In this respect we need to consider even-k and odd-k solutions separately. For even-k wormholes α cr increases faster than α. Thus even-k wormholes always possess only a single throat, located at η = 0. Consequently, their scaled throat area is constant throughout, A th /4πη does not exceed their common critical value α cr = 1. Beyond α cr an equator is located at η = 0 and the scaled area of each of the two throats -being minimal area surfacesdecreases with increasing α. This decrease is the stronger the larger the node number k. At a value of α ≈ 3.5, which is rather independent of the odd node number, the scaled throat area reaches a minimum as a function of α. Subsequently it increases again towards A th /4πη 2 0 = 1, as α → ∞. The surface gravity κ at the throat is shown in Fig. 6(b) . It vanishes for all even-k solutions, since even-k wormholes possess only a single throat. However, for odd-k wormholes κ increases from zero as soon as the double-throat appears. Thus κ has finite values beyond α cr = 1. Here the surface gravity is the smaller the higher the odd node number. We exhibit two examples of embedding diagrams of double-throat wormholes in Fig. 7 .
Let us now turn to the global charges of the wormholes. Starting from the zero mass limit of the Ellis wormholes, the mass parameter µ of the wormhole solutions increases with increasing α. For large α this increase is roughly proportional to √ α, except for the lowest mass solution with k = 1. We therefore exhibit the scaled mass µ/ √ α versus the compactified coupling constant α/(1 + α) in Fig. 8(a) , presenting solutions with node numbers k = 1, ..., 6. The figure shows, that for a fixed node number k > 1 the scaled mass µ/ √ α reaches a finite limiting value as α → ∞. Only for k = 1 the scaled mass appears to tend to zero in this limit. Moreover, the limiting value of an odd-k solution with k = 2l + 1 nodes seems to agree with the limiting value of an even-k solution with k = 2l nodes. We note, that we have to extrapolate this mass for the odd-k solutions in the limit α → ∞, since the numerical calculations encounter difficulties in this case.
To address this problem, let us consider the behavior of the even-k and the oddk solutions at the center, η = 0. For odd-k wormholes, the derivative of the gauge field function K increases strongly with increasing α at η = 0. At the same time, the minimum of the metric function A decreases sharply towards zero at η = 0. This indicates, that a singular behavior should be encountered at η = 0 in the limit α → ∞ (see the discussion below in section 3.5).
For even-k wormholes, on the other hand, the gauge field function K increases slowly with increasing α at η = 0, while the metric function A decreases slowly with increasing α at η = 0, and broadens at the same time. Thus, in contrast to the odd-k case, here a smooth limit α → ∞ is observed (see the discussion below in section 3.5). The scalar charge D is considered for the same set of solutions in Fig. 8(b) . For large α, the scalar charge tends to zero. In order to identify the limiting behavior, we exhibit the scaled scalar charge D √ α in the figure. The scaled scalar charge of an even-k solution approaches a finite limiting value, when α → ∞. The limiting value of the scaled scalar charge of an odd-k solution is hard to estimate, however.
Limit α → ∞
Let us now discuss the wormhole solutions for large values of α, considering in particular the limit α → ∞. The limit α =ᾱ/η 2 0 → ∞ can be obtained either by keeping η 0 fixed and takingᾱ → ∞ or by keepingᾱ fixed and taking η 0 → 0. In the latter limit the wormhole throat will shrink to zero size.
We have seen, that when scaling the mass of the wormhole solutions with √ α we obtain finite values for the scaled mass in the limit α → ∞. It therefore suggests itself to introduce the scaled coordinatex
in order to study the limit α → ∞. The ODEs Eqs. (20)- (22) then read
withf =x 2 + 1/α. In the limit α → ∞ we observe thatf =x 2 and the ODEs Eqs. (60)-(62) reduce to the Einstein-Yang-Mills equations. However, only for even-k wormhole solutions the boundary condition K ′ (0) = 0 is consistent with the regularity condition K(0) = ±1 of the Einstein-Yang-Mills solutions. For odd-k wormholes the boundary condition K(0) = 0 must be met, which is in conflict with the regularity condition.
The gauge field functions and the metric functions of wormhole solutions with k nodes, k = 1, ..., 6, are exhibited in Fig. 9 in the limit of large α. Here the left set of figures corresponds to the odd-k solutions, and the right set of figures to the even-k ones. To better demonstrate the limit, we here consider the Schwarzschild-like areal coordinate R, Eq. (24), and employ the scaled areal coordinate R/ √ α in the figures.
The even-k wormhole solutions converge smoothly to the regular Bartnik-McKinnon solutions in the limit α → ∞. This is demonstrated in Fig. 9(b) for the gauge field Since the wormhole throat decreases to zero size in the limit α → ∞, the spacetime splits into two disconnected asymptotically flat spacetimes in that limit. In each one of them a Bartnik-McKinnon solution is found, which has precisely n = k/2 nodes. Consequently, the scaled mass µ/ √ α of the limiting solution obtained for even node number k agrees with the mass of the respective Bartnik-McKinnon solution with node number n = k/2, as seen in Fig. 8(a) .
In Fig. 9(d) the metric function g RR is depicted for this set of solutions. g RR is obtained by transforming the radial coordinate to the Schwarzschild-like radial coordinate R. The convergence towards the respective Bartnik-McKinnon solutions is clearly seen for these large values of α. Deviations from the limiting solutions occur in the small region close to the throat. Fig. 9 (f) exhibits the convergence analogously for the metric function g tt in Schwarzschild-like coordinates.
For the odd-k solutions the situation is different, because of the incompatibility of the boundary conditions at η = 0. This is demonstrated in Fig. 9(a) for the gauge field function K of the solutions with 1, 3 and 5 nodes and values of α = 10 and 15. Here the gauge field function must assume the value zero at the throat. This leads to a sudden sharp decrease of the functions near the throat. It is clear, that the huge derivatives associated with such a sharp decrease imply a severe numerical challenge.
However, away from the vicinity of the throat the higher odd-k solutions also approach the Bartnik-McKinnon solutions, as seen in the figure. In particular, the k = 3 solution appoaches the n = 1 Bartnik-McKinnon solution, and the k = 5 solution the n = 2 Bartnik-McKinnon solution. This is in accord with the limiting behavior of the masses, as displayed in Fig. 8(a) .
The convergence of the odd-k solutions outside the throat region towards the BartnikMcKinnon solutions is also seen in Figs. 9(c) and 9(e), where the metric functions g RR and g tt are depicted in Schwarzschild-like coordinates. Inspecting the behavior of the wormhole solutions for odd-k further, we conclude, that singularities indeed appear in the limit. With increasing α the Kretschmann scalar increases dramatically at η = 0, indicating that a curvature singularity is approached.
Limit k → ∞
Let us finally address the limiting behavior of the wormhole solutions for fixed values of α, when the node number k increases, k → ∞. Here we must distinguish two cases. When α < 1, a U(1) wormhole solution with unit charge exists, that can be embedded into SU(2), as discussed earlier in section 2.8. In contrast, for α > 1 there is no such embedded wormhole solution.
For fixed α and increasing node number k, the non-Abelian wormhole solutions converge towards the corresponding Abelian solution with the same α, as long as α < 1. This convergence is demonstrated in Fig. 10 for the metric functions A and N of the Let us therefore look at the behavior of the non-Abelian wormhole solutions for α > 1 in Schwarzschild-like coordinates, and compare their limiting behavior for k → ∞ with the one of the Bartnik-McKinnon solutions. The Schwarzschild-like metric functions g RR and g tt of the wormhole solutions with node numbers k = 1, ..., 6 and several values of α > 1 are exhibited in Fig. 9 in these coordinates.
These figures also contain the respective metric functions of the extremal ReissnerNordström solution with unit charge. We observe, that the metric functions of the wormholes converge towards the metric functions of the extremal Reissner-Nordström solution in the outer region R/ √ α > 1. This is not surprising, since in this region the wormhole solutions converge towards the Bartnik-McKinnon solutions, which themselves converge to the extremal Abelian Reissner-Nordström solution with unit charge.
In the inner region R/ √ α < 1 two different limiting solutions are approached for a fixed value of α. One limiting solution is associated with the even-k wormholes and another one with the odd-k wormholes. These limiting solutions are genuinely nonAbelian. They differ from each other and from the limiting non-Abelian solution of the Bartnik-McKinnon solutions close to the throat.
For the mass of the limiting solutions such a distinction is not necessary, however, since only the asymptotic behavior is relevant. As seen in Fig. 8(a) , the limiting scaled mass of the wormhole solutions obtained for k → ∞ corresponds to the scaled mass of the respective Abelian solution when α < 1, and to unity when α > 1. At α = 1 the mass is continuous. Thus the extremal Reissner-Nordström solution plays an as prominent role for the non-Abelian wormholes as for the globally regular non-Abelian solutions and their associated hairy black holes. Similarly, Fig. 8(b) shows that the limiting value of the scaled scalar charge corresponds to the scaled scalar charge of the respective Abelian solution when α < 1. The scaled scalar charge vanishes when α > 1, in accordance with the fact that the extremal Reissner-Nordström solution has no scalar charge.
Conclusions
We have investigated Einstein-Yang-Mills wormholes supported by a phantom field. The solutions are spherically symmetric and possess two asymptotically flat regions. The non-Abelian gauge field is described in terms of the Wu-Yang Ansatz which contains a single function K. For K = 1 the gauge field is trivial and the Ellis wormhole is recovered, whereas for K = 0 a set of embedded Abelian wormhole solutions is obtained.
Our main interest here has focussed on genuine non-Abelian wormhole solutions, where the gauge field function K possesses a number of nodes, which we have labelled by the integer k. Already in the probe limit, where the gauge field decouples from the metric, a sequence of non-trivial solutions with k nodes is found. The background metric of these solutions is the metric of the Ellis wormhole. We recall, that in the background of a flat spacetime no such non-trivial non-Abelian solutions are possible.
In order to take the backreaction into account, the coupled set of Einstein-YangMills-scalar equations has been solved. For a given value of the throat size and a given node number k, a family of wormhole solutions emerges from the solution obtained in the probe limit, as the coupling to gravity is increased from zero. This family of solutions changes smoothly with the coupling constant. We consider these solutions as wormhole solutions with non-Abelian hair.
The wormhole solutions with an even number of nodes possess always only a single throat. In contrast, the wormhole solutions with an odd number of nodes possess a double-throat with an equator inbetween, when their size is sufficiently small. In that case they also aquire a non-vanishing surface gravity at their double-throat.
Since the equations depend only on the ratio α of the gravitational couplingᾱ and the size parameter η smoothly towards the Bartnik-McKinnon solutions with n nodes in the limit, while the spacetime splits up into two disjoint asymptotically flat parts.
The odd solutions with k = 2n + 1 nodes also converge towards the BartnikMcKinnon solutions with n nodes, however this convergence is not smooth at the throat. Instead a curvature singularity develops at the throat in this limit. The convergence of the wormhole solutions to the Bartnik-McKinnon solutions is also seen in the mass of the solutions.
The Bartnik-McKinnon solutions themselves are known to converge towards a limiting solution for large node number n → ∞. This limiting solution consists of the extremal Reissner-Nordström solution with unit charge in the outer region and a genuine non-Abelian solution in the inner region, where both regions are joined at the extremal horizon.
Here we find a related behavior for the wormhole solutions in the limit of large node number k → ∞. For α < 1 the non-Abelian solutions converge to the corresponding embedded Abelian wormhole. For α > 1, on the other hand, no embedded Abelian wormhole solutions exist. Here -analogous to the Bartnik-McKinnon case -the nonAbelian solutions converge towards the extremal Reissner-Nordström solution with unit charge in the outer region and a genuine non-Abelian solution in the inner region, where again both regions are joined at the extremal horizon.
The analogy is even closer for the limiting behaviour of the hairy black holes. Here -in the region outside their horizon -the hairy black holes converge towards the nonextremal Abelian Reissner-Nordström solution as long as their horizon is sufficiently large. For horizon sizes smaller than the extremal Reissner-Nordström horizon, however, they converge towards the extremal Reissner-Nordström solution with unit charge in the outer region and a genuine non-Abelian solution in the inner region, with both regions joined at the extremal horizon.
The wormhole solutions studied here possess the reflection symmetry η → −η. It will be interesting to consider also the general non-symmetric case. Concerning their stability we note that the Ellis wormhole is unstable [32, 33, 34] . Likewise, the BartnikMcKinnon solutions and their associated hairy black holes are unstable [35, 36, 37, 38, 39, 40] . We therefore conjecture that the hairy wormhole solutions will inherit these instabilties and thus be unstable as well.
Regular Einstein-Yang-Mills solutions need not be spherically symmetric. Indeed, static solutions are known, which possess only axial symmetry [41, 42] . These solutions give rise to families of static black holes, whose horizon is only axially symmetric [43, 44] , showing that Israel's theorem does not generalize in the presence of non-Abelian fields. We plan to construct the analogous set of hairy wormhole solutions, which should be static and possess a throat that is only axially symmetric. Presumably, also non-Abelian wormholes with throats possessing only discrete symmetries may be found.
Einstein-Yang-Mills black holes may also rotate [45] . It would be interesting to construct the corresponding rotating Einstein-Yang-Mills wormholes. Here as a first step rotating phantom field wormholes should be obtained. These could then be employed to find the hairy solutions in the probe limit and subsequently generalize them 22 to include backreaction.
